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ABSTRACT 
Group t h e o r e t i c a l  concep t s  are a p p l i e d  to t h e  n u m e r i c a l  
i n t e g r a t i o n  of  t h e  e q u a t i o n s  of mot ion  of a c o n s e r v a t i v e  dynamlcal  
sys t e in .  R a t h e r  t h a n  o b t a i n  t h e  s o l u t i o n  b y  one of t h e  s t a n d a r d  
methods o f  n u m e r i c a l  analysrs a t r a n s f o r m a t i o n  group i s  d e r i v e d  
which maps t h e  s t a t e  of system a t  time ti onto  t h e  s t a t e  of  t h e  
s y s t e m  a t  tln?e titi = ti + At. 
c e n s e r v a t i v e  systems, t i m e  i s  reversable .  T h a t  i s ,  t h e  T e a d i l y  
o b t a l n e d  i n v e r s e  to t h e  t r a n s f o r a a t i o n ,  maps t h e  s t a t e  of t h e  
s y s t e m  a t  t i m e  t 
g i v e n  a d e s i r e d  t e r r n l n a l  c o n d i t i o n  for a t r a j e c t o r y  t h e  problem 
may b e  workeii backwar2s to de te rmine  t h e  r e q u i r e d  i n i t L a l  cond i tLons .  
T r u n c a t i o n  e r r o r  i s  a r b i t r a r y  so t h a t  t h e  programmer nay traC;e o f f  
f u r ~ c t i o n  e v a l u a t i o n  f o r  s t e p  s i z e  t o  o p t i m i z e  computer r u n n i n g  t i m e ,  
Because of t h e  g roup  p r o p e r t y  i n  
o n t o  t h e  s t a t e  a t  time ti = titi - G t  S O  t h a t  i+l 
T h i s  memoranda i s  a p r e l i m i n a r y  r e p o r t  and the develop-  
Kent i s  h e u r i s t i c .  A b r i e f  r e v i e w  of c l a s s i c a l  Hami l ton ian  theorj7 
i s  i n c l u d e d .  
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a Conse rva t ive  Dynamical System- 
TECHNICAL MEMORANDUM 
I n t r o d u c t i o n  
T h i s  memorandum i s  a p r e l i m i n a r y  r e p o r t  on one a s p e c t  
of 2.n i n v e s t i g a t i o n  i n t o  t h e  g e o m e t r i c a l  p r o p e r t i e s  o f  dynamica l  
s y s t e m s .  The n u m e r i c a l  t e c h n i q u e  i n t r o d u c e d  below i s  d e r i v e d  
f r o m  t h e  c a n o n i c a l  t r a n s f o r m a t i o n  t h e o r y  o f  c o n s e r v a t i v e  s y s t e m s .  
For  t h i s  r e a s o n ,  a s u c c i n c t  ( and ,  h o p e f u l l y ,  readable)  accoun t  
o f  such  t r a n s f o r m a t i o n  t h e o r y  i s  i n c l u d e d  f o r  r e f e r e n c e  and 
r e v i e w .  
The t e c h n i q u e  i s  i n t e r e s t i n g  i n  s e v e r a l  ways .  I n  t h e  
first p l a c e ,  i n s t e a d  of s o l v i n g  t h e  d i f f e r e n t i a l  e q u a t i o n s  o f  
mot ion  n u m e r i c a l l y ,  a n  approx ima t ion  t o  a n  " i n f i n i t e s i m a l  t r a n s -  
f o r m a t i o n "  i s  used t o  map t h e  s t a t e  o f  t h e  dynamical  s y s t e m  
t i m e  ti o n t o  t h e  s t a t e  o f  t h e  s y s t e m  a t  t i m e  ti+l = ti + A t .  
Second ly ,  these t r a n s f o r m a t i o n s  have  t h e  g roup  p r o p e r t y .  I!. 
t h i s  c o n n e c t i o n ,  ( and  f o r  c o n s e r v a t i v e  sys t ems  i n  g e n e r a l )  t: 
means t h a t  t i m e  i s  r e v e r s i b l e ;  i . e .  t h e  i n v e r s e  t r a n s f o r m a t l  on 
maps t h e  s t a t e  of t h e  system a t  time ti+l o n t o  t h e  s t a t e  o f  t h e  
s y s t e m  a t  t i m e  ti = ti+l - A t .  T h i s  i s  of obv ious  u t i l i t y  i n  
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t h e  targetting problem where oze d e s i r e s  t h e  i n i t i a l  cond i t io r i s  
of' a t r a j e c t o r y  g i v e n  a r b i t r a r y  t e r m i n a l  c o n d i t i o n s .  However, 
i t  s h o u l d  be remembered t h a t  t h e  above does  n o t  app ly  to powered 
f l i g h t  n o r  to f l i g h t  i n  t h e  atmosphere where d i s s i p a t i v e  drag 
f o r c e s  are p r e s e n t .  F i n a l l y ,  c o n s i d e r e d  o n l y  from t h e  p o i n t  of 
view o f  nurner lca l  a n a l y s i s  t h e  i d e a  of approx ima t ing  a t r a n s -  
f o r m a t i o n  w h i c h , l e a v e s  i n v a r i a n t  a n  a p p r o p r i a t e  f u n c t i o n ,  func-  
t i o n a l ,  o r  d i f f e r e n t i a l  form would a p p e a r  to be worthy of 
f u r t h e r  i n v e s t i g a t i m .  
A B r i e f  Review o f  T rans fo rma t ion  Theory 
We r e s t r i c t  our a t t e n t i o n  t o  c o n s e r v a t i v e ,  holonomic 
sys t ems .  Tha t  i s  t o  s a y  there are  no d i s s i p a t i v e  f o r c e s  a c t i n g  
and t h a t  i n  a sys t em of  n p o s i t i o n  c o o r d i n a t e s  t h e r e  are n 
d e g r e e s  of' f reedom. 
L e t  t he  dynamica l  sys tem be  s p e c i f i e d  by n p o s i t i o n  
c o o r d l n a t e s  ( q l ,  q2, ..- q n ) ,  where t h e  qi .depend i m p l i c i t l y  
upon time. The  r e s t r i c t i o n  t o  holonomlc sys t ems  may b e  more 
p r e c i s e l y  s t a t ed  as the re  s h a l l  be n'3 f u n c t i o n s  a i ( q )  n o t  
i d e n t i c a l l y  z e r o  such  t h a t  
T h i s  o f  cour se  also precludes c o n s t r a i n t s  of  t h e  form 
f ( g l ,  - 9 .  9,) = 0 s i .nce  t h i s  i m p l i e s  
Le. dqi = 0.  
I n  such  a s y s t e m  t h e  k i n e t i c  energy T i s  a p o s i t i v e  s e m i - d e f i n i t e  
d q i  
q u a d r a t i c  form i n  t h e  ;Ji = dt . It i s  homogeneous of d e g r e e  2 
i n  t h e  v a r i a b l e s  ti. Tha t  is:  
The p o t e n t i a l  energy  V ( q l , - - * q n )  i s  a f u n c t i o n  of t h e  p o s i t i o n  
c o o r d i n a t e s  a l o n e .  The Lagrangian  i s  by d e f i n i t i o n :  
Hami l ton ’ s  p r i n c i p l e  t h e n  s a y s  t h a t  t h e  f u n c t i o n a l  
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s h a l l  be an  e x t r e m d .  
The n e c e s s a r y  c o n d i t i o n  tha t  ( 3 )  s h a l l  be ex t rema1 i s  t h a t  
That i s ,  t h e  f irst  v a r i a t i o n  6 A  = 0 .  
t h e  E u l e r ' s  e q u a t i o n s :  
( 4 )  
s h a l l  h o l d .  These n e q u a t i o n s  are t h e  equa . ,ons of mot i  n 
o f  t h e  s y s t e m .  
The o b j e c t  of  t r a n s f o r m a t i o n  t h e o r y  i s  to make a change o f  
v a i - i a b l e  i n  a sys t ema t i c  way which w i l l  s i m p l i f y  t h e  e q u a t i o n s  
s u f f i c i e n t l y  so t h a t  a s o l u t i o n  can be e f f e c t e d .  
I n  g e n e r a l ,  t h e y  are n o t  immedia te ly  i n t e g r a b l e .  
The first s t e p  is t o  p u t  t h e  e q u a t i o n s  i n t o  t h e  
Hami l ton ian  or c a n o n i c a l  form. The g e n e r a l i z e d  momenta are 
d e f i n e d  b y :  
( 5 )  
I n  Hami l ton ian  t h e o r y  t h e  g e n e r a l i z e d  momenta are t r ea t ed  as 
independen t  c o o r d i n a t e s .  
p o s i t i o n  c o o r d i n a t e s .  
which c o n v e r t s  t h e  Lagrang ian ,  L ,  to a new f u n c t i o n  H ,  t h e  
H a n i i  l t o n i m .  Thus : 
They have t h e  same s t a t u s  as t h e  
One now makes a change o f  v a r i a b l e  
H =  P i  ti - La 
1 .  ' 
-BELLCOMM. i N c .  - 5 -  
Coinputing t h e  d i f f e r e n t i a l  d H  from t h e  d e f i n i n g  e q u a t i o n  ( 6 )  
one has 
( 7 )  
S u b s t i t u t i o n  o f  the d e f i n i t i o n  o f  p i n t o  ( 7 )  leads to: 
i 
E x p r e s s i n g  H now as a f u n c t i o n  o f  o n l y  ( q l , * - - q n ,  p l , * * * p n )  
and computing the d i f f e r e n t i a l  dH by t h e  c h a i n  r u l e  i n  t h e  
u s u a l  manner 
( 9 )  
I i i 
S i n c e  a d i f f e r e n t i a l  i s  independent  of t h e  c o o r d i n a t e  s y s t e m  
i n  which i t  i s  computed ( 8 )  and ( 9 )  are e q u i v a l e n t  s o  that: 
I I 
BELLCOMM, E N C .  - 6 -  
Thus, t h e  e q u a t i o n s  of  mot ion  i n  t h e  Hami l ton ian  form are  
I n  t h e  case of  a c o n s e r v a t i v e  s y s t e m  it i s  p o s s i b l e  t o  g i v e  
a p h y s i c a l  i n t e r p r e t a t i o n  o f  H s o  t h a t  e q u a t i o n s  ( 9 )  are  
someth ing  more t h a n  a mere n o t a t i o n a l  s i m p l i f i c a t i o n .  
A s  n o t e d  b e f o r e  t h e  k i n e t l c  e n e r g y ,  T ,  i s  a p o s l t i v e  
d e f i n i t e  q u a d r a t i c  form i n  t h e  v e l o c i t i e s  ;li w h l c h  i s  homog- 
e n i o u s  of  degree 2 .  Hence, by E u l e r ' s  theorem . 1. 
2 T = L ; l i  = z p i g i  = H + L  
i a q i  i 
"Tay lo r ,  A .  E.  Advanced Ca lcu lus ,  Ginn and Co., 1955, p 184 
ELL C 8 M M , I N €2. - 7 -  
From which : 
( 1 2 )  H = 2 T - L = 2 T - ( T - V )  = T + V .  
Thus ,  t h e  Hamil tonian  is t h e  t o t a l  energy  of t h e  sys tem,  and 
s i n c e  t h e  only  systems unde r  c o n s i d e r a t i o n  are c o n s e r v a t i v e ,  
b y  d e f i n i t i o n  t h e  t o t a l  ene rgy ,  t h e  Hamil tonian ,  must be a 
c o n s t  a n t .  
F i r s t  Order Trans fo rma t ions  
The c a n o n i c a l  e q u a t i o n s  o f  motion ( 1 0 )  are imme- 
d i a t e l y  s u g g e s t i v e  o f  an a l g o r i t h m  f o r  t h e i r  numer i ca l  s o l u t i o n .  
Thus, by approximat ing  t h e  d e r i v a t i v e  w i t h  t h e  d i f f e r e n c e  
q u o t i e n t  e q u a t i o n s  (10) become: 
which l e a d  t o :  
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* 
'BELLCO' li~c. 
where tLll = t Equat ions  ( 1 b )  may be r e g a r d e d  as 2 
change o f  v a r i a b l e ,  and t h e  numer i ca l  s o l u t F o n  as o b t a i n e d  
by i t e r a t i o n  o f  t h e  change.  Ho'Y;ever, i n  genei-al ,  changing  
v a r i a b l e s  w i l l  change t h e  f o r m  o f  t h e  Hami l ton ian ,  H ,  and 
computa t ion  w i l l  t h e r e f o r e  be  more compl i ca t ed .  
now be shown t h a t  t h e  p a r t i c u l a r  t r a n s f o r m a t i o n  ( 1 4 )  l e a v e s  
t h e  Hami l ton ian  i n v a r i a n t  t o  f irst  o r d e r  terms i n  A t .  I n  
e v a l u a t i n g  t h e  v a r i a t i o n  of t h e  Hami l ton ian  it i s  conven ien t  
t o  u s e  m a t r i x  n o t a t i o n .  F r o m  T a y l o r ' s  fo rmula  w i t h  r ema inde r  
+ A t .  
i .  k 
It will 
f o r  H(q + bq, p + Ap) one has:  
+ R  
I I L  
a 2H 
aq2 
- ... a 2H 
2 
... ... 
2 a H  ... a 2H . .- 
2 aP$, 
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&mi = - a t  where R i s  t2e  rerriain62er. S u b s t i t u t i o n  of Ap = - - a H 
i as; aP; 
i n t o  (26) shows after a t r i v l z l  computa t ion  that t h e  v a r i a t i o n  of  
t h e  Hami l tonian  unde r  t h i s  t r a n s f o r m a t i o n  c o n s i s t s  on ly  of te rms  
p r o p o r t i o n a l  to powers o f  A t  h i g h e r  t h a n  t h e  f i r s t ,  which i s  as 
d e s i r e d .  
Some ve ry  d i f f i c u l t  problems have r e l a t i v e l y  s i m p l e  
Hami l ton ians ;  v i z .  t h e  t h r e e  body problem. Thus,  t h e  a l g o r i t h m  
w i l l  b e  c o m p u t a t i o n a l l y  p r a c t i c a l  s i n c e  t h e  f u n c t i o n a l  e v a l u a t i o n  
o f  t h e  p a r t i a l s  a t  = tk w i l l  u s u a l l y  be q u i t e  s i m p l e .  
b l em of  d e t e r m i n i n g  a t r a n s f o r m a t i o n  which l e a v e s  t h e  Hami l ton ian  
The pro-  
i n v a r i a n t  to h i g h e r  o r d e r s  of  A t  i s  c o n s i d e r e d  below. The f i r s t  
o r d e r  t r a n s f o r m a t i o n  j u s t  i n t r o d u c e d  which i s  n o t  a r e a l l y  good 
approx ima t ion  w i l l  be s e e n  t o  p lay  a key r o l e  i n  t h e  d e r i v a t i o n  
of a more a c c u r a t e  method. 
Group T h e o r e t i c  Aspec ts  
Without  g i v i n g  2 form21 d e f i n i t i u n  o f  an a b s t r a c t  
a l g e b r a i c  group,  ve  s h a l l  d e s c r i b e  i t s  p r o p e r t i e s  i n  terms of 
t h e  t r a n s f o r m a t i o n  ( 1 4 ) .  Thus ,  i f  p and q are  such  t h a t :  
where E i s  t h e  t o t a l  e n e r g y ,  then  (15) shows t h a t  f o r  
- 10.- 
and 
- -  a H  A t  % -  as - P i  - P i  z 
' L %  H(q,p)  = E to w i t h i n  f i r s t  o r d e r  terms i n  A t .  Hence, t h e  s e t  
of q i ,  P i  such  t h a t  ( 1 6 )  h o l d s  i s  c l o s e d  under  t h e  t r z n s f o r m a t i o n  
( 1 4 ) .  Now, f o r  s i m p l i c i t y ,  l e t  A t  = 7 and l e t  T be t h e  traris- 
format ior ,  d e f i n e d  b y  ( 1 4 ) .  That  i s :  
T 
S i n c e  t h e  e f f e c t  of T T  on pi i s  obv ious  once i t s  e f f e c t  on 
q i  has been g i v e n  we w i l l  on ly  c o n s i d e r  t h e  qi f o r  t h e  p r e s e n t .  
The p r o d u c t  o f  t w o  t r a n s f o r m a t i o n s  TT , T i s  t h e i r  compos i t ion .  
1 T2 
T h a t -  i s  f i rs t  a p p l y  TT and t h e n  app ly  TT 
1 2 
to t h e  result. 
Formally : 
(18 )  T T : q i ( t )  = T : qi(t+T1) -+ qi(t+T1+T2) 
T2 T1 '2 
Clearly, 
T ( T  T = ( T T  TT ) TT 
‘ 3  ‘2 ‘1 3 2 -  1 
If T = 0 one has 
( 2 0 )  T 0 : g i ( t )  -t gi(ttO) = g i ( t >  
and To i s  t h e  i d e n t i t y  t r a n s f o r m a t i o n ,  I .  From (18 )  one has: 
T T = T o  
-T T 
hence 
-1 = T  
T - - T  T 
o r  t h e  i n v e r s e  of TT i s  T -T . Now t h e  above h o l d s  t r u e , f o r  t h e  
t r a n s f o r m a t i o n  g i v e n  by ( 1 4 )  only when T i s  v e r y  small  s o  t h a t  
t h e  e r r o r  r e s u l t i n g  from t h e  dropping  of h ighe r  o r d e r  terms i s  
n e g l i g i b l e .  Thus f o r  T s u f f i c i e n t l y  small we may w r i t e :  
The g r ~ u ,  5' depcrids C G ~ ~ ~ ~ ~ C C ~ L S ~ ~  U ? O ~  the pzpax,eter i 2nd j s  
T 
a one peraneter cGr;tinuous group o r  Lie Gypup. The problem 
noi.; i s  to d e r i v e  a c o n t i n u o u s  one pa rame te r  group s o  t h s t  t h e  
group r e l a t i o n s  h o l d  for f i n i t e  T i n s t e a d  of on ly  f o r  an  
i n f i n i t e s i m a l .  
I n f i n i t e s i m a l  T r a n s f o r m a t i o n s  Assoc ia t ed  w i t h  a Corit i nuous  
One Fa rame te r  GrouD 
Below w e  s h a l l  use  t h e  n o t a t i o n a l  'convent ion t h a t  qi 
s h a l l  s t a n d  f o r  t h e  2n v a r i a b l e s  p and q Thus, a f u n c t i c n  
f ( q )  s h a l l  be  unde r s tood  t o  be a f u n c t i o n  o f  2n v a r i a b l e s  
i i' 
F u r t h e r n o r e ,  t h e  f u n c t i o n  f s h a l l  b e  u n d e r s t o o d  t o  b e  a n a l y t i c  
at t h e  p o i n t  q .  T h i s  means t h a t  we have p l a c e d  r e s t r i c t i o n s  
upon a l l o r m b l e  q .  However, t h e s e  r e s t r i c t i o n s  f o r  the problems 
of  i n t e r e s t  w i l l  g e n e r a l l y  o c c u r  n a t u r a l l y  such  as ,  f o r  i n s t a n c e  
t h e  Kep le r  problem b e i n g  r e s t r i c t e d  t o  o r b i t s  w i t h  non-zero 
2 rad?ii .  T h u s ,  on t h e  s e t  o f  a n a l y t i c  f u n c t i o n s  one can d e f i n e  
a t a n g e n t  - v e c t o r  at t h e  p o i n t  q = q as an  o p e r a t o r  of  t h e  form 
8 
i 
2*Cohen, P. N . ,  L i e  Groups, Cambridge U n i v e r s i t y  Press, 
1961, p .  11 f f .  
E3 ELL e 0 P,: I!! * ! Pd c r - 13 - 
i w 
where s i n c e  t h e  f u n c t i o n s  E - ( q )  w e  evalue ted  a t  p o i n t  o_ = q 
they are r e a l  constants. It i s  r e a d i l y  Seen t h a t  f o r  f u n c t i o n s  
of  one v a r i a b l e  y = f ( q l )  one has  as a t a n g e n t  v e c t o r  
t h e  u s u a l  d e f i n i t i o n .  One now has. t h e  f o l l o w i n g  d e f i n i t i o n 3 :  
D e f i n i t i o n :  An i n f i n l t e s i m a l  - t r a n s f o r m a t i o n  i s  a c o l l e c t i o n  
* 
of t a n g e n t  v e c t o r s  X * one a t  each  a l l o w a b l e ' p o i n t  q = q ; i . e .  
9 
T h e s e  t r a n s f o r m a t i o n s  are c l o s e l y  r e l a t e d  to t h e  f i r s t  o r d e r  
t r a n s f o r m a t i o n  groups d i s c u s s e d  above.  T i i e i r  r e l a t i o n s h i p  
t o  t h e s e  groups w i l l  be  d i s c u s s e d  i n  terms o f  a p a r t i c u l a r  
t r a n s f o r m a t i o n  a r i s i n g  i n  dynamics.  The approach  i s  a d m i t t e d l y  
h e u r i s t i c  and j u s t i f i e d  on ly  by t h e  d e s i r e  f o r  b r e v i t y  s i n c e  
a f u l l  t r e a t m e n t  would r e q u i r e  t h e  development of t h e  i n t e r -  
r e l a t i o n s  between a L i e  Group and i t s  L i e  ,Algebra. 
L e t  u s  f i r s t  c o n s i d e r  t h e  i n f i n i t e s t i m a l  t r a n s f o r m a t i o n  
a s s o c i a t e d  w i t h  a f i rs t  o r d e r  t r a n s f o r m a t i o n ,  remenber ing  that 
' * I b i d  p .  1 6 .  
. BELLCOMF/I, ENC. - 14 - 
we will n e g l e c t  t;ei.ns i n  Oq higher  t h a n  t h e  f i r s t .  Thus,  
rebv-x-iting (15) E.nd d r o p p i n g  t h e  remainder  t e z 7 m  one h a s :  
But a l l o w i n g  q i n  ( 2 2 )  t o  vary i s  p r e c i s e l y  an  i n f i n i t e s i m a l  
t r a n s f o r m a t i o n  as d e f i n e d ,  s i n c e  Aq as g i v e n  by  ( 1 4 )  i s  i r ?  
g e n e r s l  a f u n c t i o n  and  may be  c o n s i d e r e d  t o  be t h e  5 ( 9 )  of  
i 
k 
t h e  d e f i n i t i o n  and i f  w e  d e f i n e  X as a one may 
I i 
write (22 )  (to first  o r d e r  terms) as 
where  I i s  t h e  i d e n t i t y  o p e r a t o r .  Now suppos ing  f = qi. Thus,  
But  f o r  Aqi = T - a H  t h i s  i s  j u s t  t h e  f i r s t  o r d e r  t r a n s f o r m a t i o n  
g roup  which we deyived  as an approx ima t ion  to t h e  e q u a t i o n s  of 
n o t i o n  o f  a d y n a n i c a l  s y s t e m .  I n  r e g a r d  t o  t h e  f u n c t i o n  f i n  
( 2 3 1 ,  i f  X f  = 0,  t h e n  ( 2 4 )  i s  t h e  t r a n s f o r m a t i o n  group which 
l e a ~ ~ e s  f i n v a r i a n t  t o  t h e  f i r s t  o r d e r .  
aPi  
R e t ~ r f i i n g  :ioTvs’ t o  t h e  2n v a r l z b l e s  pi, q i ,  t h e  
i n f i n l t e s i z a l  t r a n s f o r z z t i o n s  w i l l  be  applied t o  t h e  o r i g i n a l  
problem. F i r s t  ( 2 2 )  becomes: 
i i 
Frorri (14) one h a s  ( l e t t i n g  t = T )  for A q i  and Api 
From which w e  have an  i n f i n i t e s i m a l  t r a n s f o r m a t i o n :  
Fu r the rmore ,  i t  i s  obv ious  t h a t  XH H = 0 .  
o r d e r  terms (15) may b e  w r i t t e n :  
Hence, f o r  f i r s t  
BELLCQMM, IMC. - 16  - 
I n  t h e  n e x t  s e c t  
a t r a n s f o r m a t i o n  
on we w i l l  c o n s i d e r  t h  p r  b l em of o b t a i n i n g  
group which l e a v e s  t h e  Hami l ton ian  i n v a r i a m t  
for f i n i t e  T r a the r  t h a n  t r u l y  i n f i n i t e s i m a l  T .  
The E x p o n e n t i a l  Map 
4 The development below i s  e s s e n t i a l l y  due t o  Cohn . 
What i s  des i r ed  i s  t o  f i n d  t h e  group TT mapplng q ( t )  o n t o  
q( t+-r )  which l e a v e s  t h e  Hami l tonizn  i n v a r i a n t .  
moment, let qi s t a n d  f o r  b o t h  qi and p i' 
Again, f o r  t h e  
The a c t i o n  o f  T T  on 
q ( t )  can be written. 
Now t h e  group T T n o t  o n l y  depends c o n t i n u o u s l y  upon T but i s  
a l s o  a L i e  Group. I n  t h e  case  under  c o n s i d e r a t i o n  he re  t h i s  
means t h a t  t h e r e  i s  an  Z n a l y t i c  f u n c t i o n  T such tha t  
I 
OF 2s a v e c : . ~ ~  C _ ( C L S T )  = T(q(t),T) = T(T). ~ r o n  t h e  d e f i n i t i c n  
of  t h e  group T one has  that To i s  t h e  i d e n t i t y ,  hznce 
T 
, For f an  a n a l y t i c  f u n c t i o n  of q i t  i s  d e s i r e d  to e v a l u a t e .  I 
N o w  by t h e  c h a i n  rule: 
i 
where X i s  t h e  i n f i n i t e s i m a l  t r a n s f o r m a t i o n  c o r r e s p o n d i n g  t o  
T . 
a un ique  T T .  
It can b e  shown5 t h a t  given an X there corresponds t o  i t  
T 
Thel7efore s i n c e  we a l r e a d y  have an i n f i n i t e s i m a l  
t r a n s f o r m a t i o n  XH and a t r a n s l a t i o n  group T T  which i s  v a l i d  
f D r  T t r u l y  i n f i n i t e s i m a l  t h e  problem i s  to e x t e n d  t h e  method 
f o r  a f i n i t e  T. 
. 
S i n c e  f i n  (31) i s  a n a l y t i c ,  T a y l o r ' s  s e r i e s  may b e  
a p p l i e d  i n  t h e  fo l lowir ,g  way. L e t  
? t b i d ,  Theorem 3 . 5 . 1  p .  70 
.”e F(T) i s  zig,. I r?  a n a l y t i c  and hence expendir lg  ab0u.t T = 0 
3 + -  X3f 3! 
has:  
+ ... 
T = o  
(33) 
1 - 2 1 1  3 1 1 1  
F ( T )  = P ( 0 )  + T F  (0) + F (0) + $- F ( 0 )  + * * *  
Thus ,  (33) becomes 
2 2  
+T-  X f  
-C=O 2 !  
F ( T )  = f(T(q,T)) = f ( q )  + T X f  
T = o  
( 34 )  
The ser ies  on t h e  r i g h t  of ( 3 4 )  may be t a k e n  as t h e  d e f i n i t i o n  
of t h e  e x p o n e n t i a l  of t h e  t r a n s f o r m a t i o n  X. 
be w r i t t e n  c o n c i s e l y  as 
(34)  may t h e r e f o r e ,  
It is cex possible to e v 2 l u z t e  T ( q , - r )  end t h u s  o b t a i n  T 
First one considers thet q_.  ltself is an analytic function of 





Substitution of this qi f o r  f in (36) therefore lezds to 
which is the desired formula. An example is now in order. 
Consider the case of two var i ab le s  q l ,  q2 with 




S p e c i a l i z i n g  now (and  r e t u r n i n g  t o  t h e  p ,  q ,  notation) f o r  
t h e  c a s e  Xli as g iven  by ( 2 6 )  one h a s  f rom ( 3 6 )  when f = fi 
- 2 1  - BELLCO~V~M:, ENC. 
Suppose ncx one 2 p ~ l i e s  ( 3 6 )  twice i n  s i l c c e s s i o n .  
That i s  one compKtes ’i’(qST1) 2nd t h e n  e x t r a p o l a t e s  on t h i s  
po ink  by T(q ( t ;+T1) ,  T ~ ) .  
z 
F o m a l l y ,  one has for qi = q i ( t + r l )  
Now X i s  an  o p e r a t o r  n o t  a number, and t h e  usual rules of  
mznipula- t ion  for e x p o n e n t i a l s  do  n o t  n e c e s s a r i l y  h o l d .  
i s  to s a y  ( exp  X) ( exp  Y) f o r  X and Y o p e r a t o r s  dces n o t  i n  
g e n e r a l  e q u a l  exp(X+Y). 
above ‘1 X and .r2X c o m u t e ;  i . e .  T ~ X ( T ~ X  f )  = T ~ X ( T ~ X  f ) .  
It can  b e  shown t h a t  for commuting o p e r a t o r s .  
( 3 9 )  
T h e t  
However, i n  t h e  c a s e  o f  i n t e r e s t  
exp(T2X) exp(TIX)f = exp(TIX) exp(-c2X)f = exp(TlX+T2X)f. 
Now a l l  t h e  group p r o p e r t i e s  g iven  by e q u a t i o n s  ( 1 7 )  t h rough  
( 2 1 )  f o l l o w  from ( 3 9 )  end  w e l l  known p r o p e r t i e s  of  t h e  
e x p o n e n t i a l .  For i n s t a n c e  t h e  i n v e r s e  i s  o b t a i n e d  by s e t t i n g  
- i n  (39 )  l e a d i n g  t o :  ‘2 - - ‘1 
- 2 2  - 
4,s a mrt" d e t a i l e d  exam2le cf the zbove l e t  us c o n s i d e r  
bhe l i n e z r  oscillator i n  one dimer!sic!i; a s imple  spring 2 n d  class. 
FGY q the d i s p l a c e m e n t  of  t h e  mass, p its mcmentum, the 
Hami l ton ian  i s  
I 
0bviou.sly 
a H  a a H  a a a 
9 %  'H ap a q  a q  ap as - P - -  
- -  - - -  - -  
Our f i r s t  o r d e r  transformation i s  f o r  A t  = T 
as b e f o r e .  
Now w e  w i s h  t o  correct o u r  p r o c e d u r e  a t  l e a s t  t o  
t h e  second o r d e r  by a p p l y i n g  ( 3 7 ) .  T h m ,  we w i s h  
‘ 1  c 
- 23 - 
Similarly: 
Substitution into (15) leads to the following upon neglecting 





p(t>, AS = ? p ( t )  - - q ( t )  2 Substitution of Ap = - ~ q ( t )  -
into the above gives: 
+. . . I 
- T 2  2 2 T 2  2 2 4 2 2  
- - -(p 2 +q + -+p +q + k ( p  +q j + 
so  that AH = 0 to second o r d e r  at least. 
B EL LC 0 I;'l M , f N c. 
The above nurrierical t*echnique i s  not: b e i n g  prograxxed 
t o  e v a l u a t e  whether  i t  i s  indeed  as good i n  p r a c t i c e  as t h e  
ZbGve t h e o r y  would i n d i c a t e .  R e s u l t s  w i l l  be r e p o r t e d  i n  a 
l a t e r  memorandum. However, t h e  t e c h n i q u e  does  i n  t h e o r y  o f f e r  
t h e  f o l l o w i n g  advan tages  : 
T r u n c a t i o n  e r r o r  can be made as small  as d e s i r e d .  
T h i s  allows a programmer t o  t rade  o f f  s t e p  s i z e  
v e r s u s  fu r i c t ion  e v a l u a t i o n  t o  minimize r u n n i n g  t i m e .  
The method a p p l i e s  t o  a c l e a r l y  d e f i n e d  r e a s o n a b l y  
l a r g e  c l a s s  o f  problems. Although t h e  p a r t i a l  
d e r i v a t i v e s  must be recomputed i f  t h e  problem changes 
t h e  t r u n c a t i o n  e r r o r  i s  a l w a y s  a f u n c t i o n  o f  t h e  
h i g h e s t  power o f  XH used-not t h e  problem. 
S i n c e  t h e  t r a n s f o r m a t i o n  used  i s  a group i t  possesses 
an  i n v e r s e .  Hence, g iven  t h e  Hami l ton ian  and t h e  
t e r m i n a l  p o s i t i o n  and momenta, i t  i s  p o s s i b l e  t o  
work t h e  problem backwards t o  o b t a i n  t h e  i n i t i a l  
c o n d i t i o n s  of t h e  t r a j e c t o r y .  T h i s  i s  o f  obv ious  
u t i l i t y  i n  t a r g e t t i n g  problems.  However, i t  must 
be rerriembered t h a t  t h i s  does  n o t  app ly  to powered 
t r a j e c t o r i e s  or t o  t r a j e c t o r i e s  i n  t h e  a tmosphere .  
7 
(3) The c o n c e p t s  invo1vecI open up 2 fiew approech  to tile 
f u  I c! a m n t  a 1 und e 1- s t a;i d i ng o f t he ge one t ry o f dynz,.:i c s 
prcbler;, t h c i r i S ~ 1 v e s .  T h i s  a s p e c t  w i l l  be e x p l o r e d  i n  
subsequen t  memorandz. 
Acknowledgement 
The a u t h o r  wlshes t o  e x p r e s s  h i s  a p p r e c i a t i o n  t o  
kip. N. J. N o r r i s  for many e n l l g h t e n i n g  d i s c u s s i o n s  and 
c o n s t r u c t i v e  c r i t i c i s m s .  
3%?72J 
1032-HAY-gdn H. A .  H e l m  
